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Linear and nonlinear Klein–
Gordon equationsAbstract In this paper, we present a reliable algorithm based on the homotopy analysis transform
method (HATM) to solve the linear and nonlinear Klein–Gordon equations. The Klein–Gordon
equation is the equation of motion of a quantum scalar or pseudoscalar ﬁeld, a ﬁeld whose quanta
are spinless particles. It describes the quantum amplitude for ﬁnding a point particle in various
places, the relativistic wave function, but the particle propagates both forwards and backwards
in time. The HATM is a combined form of the Laplace transform method and homotopy analysis
method. The method provides the solution in the form of a rapidly convergent series. Some numer-
ical examples are used to illustrate the preciseness and effectiveness of the proposed method. The
results show that the HATM is very efﬁcient, simple and can be applied to other nonlinear prob-
lems.
ª 2014 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University.1. Introduction
Nonlinear phenomena have important effects on applied math-
ematics, chemistry, physics and related to engineering; many
such physical phenomena are modeled in terms of nonlinear
partial differential equations. For example, the Klein–Gordon
equations which are written in the following form
uttðx; tÞ  uxxðx; tÞ þ auðx; tÞ ¼ hðx; tÞ; ð1Þ
with initial conditions
uðx; 0Þ ¼ fðxÞ; utðx; 0Þ ¼ gðxÞ; ð2Þ
470 D. Kumar et al.appears in quantum ﬁeld theory, relativistic physics, dispersive
wave-phenomena, plasma physics, nonlinear optics and
applied physical sciences. The equation was named after the
physicists Oskar Klein and Walter Gordon, who in 1926
proposed that it describes relativistic electrons. Other authors
making similar claims in that same year were Vladimir Fock,
Johann Kudar, The´ophile de Donder and Frans-H. van den
Dungen, and Louis de Broglie. Although it turned out that
the Dirac equation describes the spinning electron, the
Klein–Gordon equation correctly describes the spinless pion.
The pion is a composite particle; no spinless elementary
particles have yet been found, although the Higgs boson is
theorized to exist as a spin-zero boson, according to the
Standard Model. The Klein–Gordon equation was ﬁrst consid-
ered as a quantum wave equation by Schro¨dinger in his search
for an equation describing de Broglie waves. The equation is
found in his notebooks from late 1925, and he appears to have
prepared a manuscript applying it to the hydrogen atom. In
January 1926, Schro¨dinger submitted for publication instead
his equation, a non-relativistic approximation that predicts
the Bohr energy levels of hydrogen without ﬁne structure. In
1927, soon after the Schro¨dinger equation was introduced,
Vladimir Fock wrote an article about its generalization for
the case of magnetic ﬁelds, where forces were dependent on
velocity, and independently derived this equation. Both Klein
and Fock used Kaluza and Klein’s method. Fock also deter-
mined the gauge theory for the wave equation. The Klein–
Gordon equation for a free particle has a simple plane wave
solution. Several techniques including ﬁnite difference, colloca-
tion, ﬁnite element, inverse scattering, decomposition, varia-
tional iteration method (VIM) and homotopy perturbation
transform method (HPTM) have been used to handle such
equations [1–5]. Most of these methods have their inbuilt
deﬁciencies like the calculation of Adomian’s polynomials,
the Lagrange multiplier, divergent results and huge computa-
tional work. Homotopy analysis method (HAM) was ﬁrst
proposed and applied by Liao [6–9] based on homotopy, a fun-
damental concept in topology and differential geometry. The
HAM has been successfully applied by many researchers for
solving linear and non-linear partial differential equations
[10–18]. The Laplace transform is totally incapable of handling
nonlinear equations because of the difﬁculties that are caused
by the nonlinear terms. Various ways have been proposed re-
cently to deal with these nonlinearities such as the Laplace
decomposition algorithm [19–23] and the homotopy perturba-
tion transform method (HPTM) [24–28], homotopy analysis
transform method (HATM) [29–33] for handling many nonlin-
ear problems arising in science and engineering.
In this article, we apply the homotopy analysis transform
method (HATM) for solving the linear and nonlinear Klein–
Gordon equations to show the simplicity and straight for-
wardness of the method. The homotopy analysis transform
method (HATM) is a combination of the homotopy analysis
method (HAM) and Laplace transform method. The advan-
tage of this method is its capability of combining two power-
ful methods for obtaining exact and approximate analytical
solutions for nonlinear equations. The fact that the HATM
solves nonlinear problems without using Adomian’s polyno-
mials and He’s polynomials is a clear advantage of this tech-
nique over the Adomian’s decomposition method (ADM)
and the homotopy perturbation transform method (HPTM).
The plan of our paper is as follows: The HATM is givenin Section 2. In Section 3, ﬁve numerical examples are solved
to illustrate the applicability of the considered method.
Conclusions are presented in Section 4.
2. Study of new homotopy analysis transform method (HATM)
To illustrate the basic idea of this method, we consider an
equation N[u(x)] = g(x), where N represents a general nonlin-
ear ordinary or partial differential operator including both lin-
ear and nonlinear terms. The linear terms are decomposed into
D+ R, where D is the highest order linear operator and R is
the remaining of the linear operator. Thus, the equation can
be written as
Duþ RuþNu ¼ gðxÞ; ð3Þ
where Nu, indicates the nonlinear terms.By applying the
Laplace transform on both sides of Eq. (3), we get
L½Du þ L½Ru þ L½Nu ¼ L½gðxÞ: ð4Þ
Using the differentiation property of the Laplace trans-
form, we have
snL½u 
Xn
k¼1
sk1uðnkÞð0Þ þ L½Ru þ L½Nu ¼ L½gðxÞ: ð5Þ
On simplifying
L½u 1
sn
Xn
k¼1
sk1uðnkÞð0Þþ 1
sn
½L½RuþL½NuL½gðxÞ¼0: ð6Þ
We deﬁne the nonlinear operator
N½/ðx; t; qÞ ¼ L½/ðx; t; qÞ  1
sn
Xn1
k¼0
sk1/ðnkÞðx; t; qÞð0Þ
þ 1
sn
½L½R/ðx; t; qÞ þ L½N/ðx; t; qÞ  L½gðxÞ;
ð7Þ
where q e [0, 1] and /(x, t;q) is a real function of x, t and q. We
construct a homotopy as follows
ð1 qÞL½/ðx; t; qÞ  u0ðx; tÞ ¼ hqHðx; tÞN½uðx; tÞ; ð8Þ
where L denotes the Laplace transform, q e [0, 1] is the embed-
ding parameter, H(x, t) denotes a nonzero auxiliary function,
h–0 is an auxiliary parameter, u0(x, t) is an initial guess of
u(x, t) and /(x, t;q) is a unknown function. Obviously, when
the embedding parameter q= 0 and q= 1, it holds
/ðx; t; 0Þ ¼ u0ðx; tÞ; /ðx; t; 1Þ ¼ uðx; tÞ; ð9Þ
respectively. Thus, as q increases from 0 to 1, the solution /
(x, t;q) varies from the initial guess u0(x, t) to the solution
u(x, t). Expanding /(x, t;q) in Taylor series with respect to q,
we have
/ðx; t; qÞ ¼ u0ðx; tÞ þ
X1
m¼1
umðx; tÞqm; ð10Þ
where
umðx; tÞ ¼ 1
m!
@m/ðx; t; qÞ
@qm

q¼0
ð11Þ
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parameter h, and the auxiliary function are properly chosen,
the series (10) converges at q= 1, then we have
uðx; tÞ ¼ u0ðx; tÞ þ
X1
m¼1
umðx; tÞ; ð12Þ
which must be one of the solutions of the original nonlinear
equations. According to the deﬁnition (12), the governing
equation can be deduced from the zero-order deformation
(8). Deﬁne the vectors
~um ¼ fu0ðx; tÞ; u1ðx; tÞ; . . . ; umðx; tÞg: ð13Þ
Differentiating the zeroth-order deformation Eq. (8) m-times
with respect to q and then dividing them by m! and ﬁnally set-
ting q= 0, we get the following mth-order deformation
equation:
L½umðx; tÞ  vmum1ðx; tÞ ¼ hqHðx; tÞRmð~um1Þ: ð14Þ
Applying the inverse Laplace transform, we have
umðx; tÞ ¼ vmum1ðx; tÞ þ hL1½qHðx; tÞRmð~um1Þ; ð15Þ
where
Rmð~um1Þ ¼ 1ðm 1Þ!
@m1N½/ðx; t; qÞ
@qm1

q¼0
; ð16Þ
and
vm ¼
0; m  1;
1; m > 1:

ð17Þ3. Numerical examples
In this section, we apply the homotopy analysis transform
method (HATM) to solve the linear and nonlinear Klein–Gor-
don equations.
Example 3.1. Consider the following linear Klein–Gordon
equation
uttðx; tÞ  uxxðx; tÞ þ uðx; tÞ ¼ 0; ð18Þ
with the initial conditions
uðx; 0Þ ¼ 0; utðx; 0Þ ¼ x: ð19Þ
Applying the Laplace transform on both sides of Eq. (18) sub-
ject to the initial conditions (19), we have
L½uðx; tÞ  x
s2
 1
s2
L½uxxðx; tÞ  uðx; tÞ ¼ 0: ð20Þ
We deﬁne a nonlinear operator as
N½/ðx; t; qÞ ¼ L½/ðx; t; qÞ  x
s2
 1
s2
L
@2
@x2
/ðx; t; qÞ  /ðx; t; qÞ
 
ð21Þ
and thus
Rmð~um1Þ ¼ L½um1  ð1 vmÞ
x
s2
 1
s2
L
@2um1
@x2
 um1
 
: ð22ÞThe mth-order deformation equation is given by
L½umðx; tÞ  vmum1ðx; tÞ ¼ hRmð~um1Þ: ð23Þ
Applying the inverse Laplace transform, we have
umðx; tÞ ¼ vmum1ðx; tÞ þ hL1½Rmð~um1Þ: ð24Þ
Solving Eq. (24), for m= 1, 2, 3,. . ., we get
u1ðx; tÞ ¼ hxt;
u2ðx; tÞ ¼ hð1þ hÞxt h2x t
3
3!
;
u3ðx; tÞ ¼ hð1þ hÞ2xt 2h2ð1þ hÞx t
3
3!
 h3x t
5
5!
;
..
.
ð25Þ
Hence, the HATM solution (for h ¼ 1) is given by
uðx; tÞ ¼ x t t
3
3!
þ t
5
5!
 . . .
 
¼ x sin t; ð26Þ
which is the same solution as obtained by VIM [4] and HPTM
[5].
Example 3.2. Consider the following linear Klein–Gordon
equation
uttðx; tÞ  uxxðx; tÞ þ uðx; tÞ ¼ 2 sin x; ð27Þ
with the initial conditions
uðx; 0Þ ¼ sin x; utðx; 0Þ ¼ 1: ð28Þ
Applying the Laplace transform on both sides of Eq. (27)
subject to the initial conditions (28), we have
L½uðx; tÞ  2 sinx
s3
 sinx
s
 1
s2
 1
s2
L½uxxðx; tÞ  uðx; tÞ ¼ 0:
ð29Þ
We deﬁne a nonlinear operator as
N½/ðx; t; qÞ ¼ L½/ðx; t; qÞ  2 sin x
s3
 sin x
s
 1
s2
 1
s2
L
@2
@x2
/ðx; t; qÞ  /ðx; t; qÞ
 
ð30Þ
and thus
Rmð~um1Þ ¼ L½um1  ð1 vmÞ
2 sin x
s3
þ sinx
s
þ 1
s2
 
 1
s2
L
@2um1
@x2
 um1
 
: ð31Þ
The mth-order deformation equation is given by
L½umðx; tÞ  vmum1ðx; tÞ ¼ hRmð~um1Þ: ð32Þ
Applying the inverse Laplace transform, we have
umðx; tÞ ¼ vmum1ðx; tÞ þ hL1½Rmð~um1Þ: ð33Þ
Solving Eq. (33), for m= 1, 2, 3,. . ., we get
u1ðx; tÞ ¼ ht;
u2ðx; tÞ ¼ hð1þ hÞt h2 t
3
3!
;
u3ðx; tÞ ¼ hð1þ hÞ2t 2h2ð1þ hÞ t
3
3!
 h3 t
5
5!
;
..
.
ð34Þ
472 D. Kumar et al.Hence, the HATM solution (for h ¼ 1) is given by
uðx; tÞ ¼ sinxþ t t
3
3!
þ t
5
5!
 . . .
 
¼ sin xþ sin t; ð35Þ
which is the same solution as obtained by VIM [4] and HPTM
[5].
Example 3.3. Consider the following nonlinear Klein–Gordon
equation
uttðx; tÞ  uxxðx; tÞ þ u2ðx; tÞ ¼ x2t2; ð36Þ
with the initial conditions
uðx; 0Þ ¼ 0; utðx; 0Þ ¼ x: ð37Þ
Applying the Laplace transform on both sides of Eq. (36) sub-
ject to the initial conditions (37), we have
L½uðx; tÞ  2x
2
s5
 x
s2
 1
s2
L½uxxðx; tÞ  u2ðx; tÞ ¼ 0: ð38Þ
The nonlinear operator is
N½/ðx; t; qÞ ¼ L½/ðx; t; qÞ  2x
2
s5
 x
s2
 1
s2
L
@2
@x2
/ðx; t; qÞ  /2ðx; t; qÞ
 
: ð39Þ
and thus
Rmð~um1Þ ¼ L½um1  ð1 vmÞ
2x2
s5
þ x
s2
 
 1
s2
L
@2um1
@x2

Xm1
r¼0
urum1r
 !" #
ð40Þ
The mth-order deformation equation is given by
L½umðx; tÞ  vmum1ðx; tÞ ¼ hRmð~um1Þ: ð41Þ
Applying the inverse Laplace transform, we have
umðx; tÞ ¼ vmum1ðx; tÞ þ hL1½Rmð~um1Þ: ð42Þ
Solving Eq. (42), for m= 1, 2, 3,. . ., we get
u1ðx; tÞ¼h x2t412 þxt
 	
;
u2ðx; tÞ¼hð1þhÞ x2t412 þxt
 	
þh2 t
6
180
;
u3ðx; tÞ¼hð1þhÞ2 x2t412 þxt
 	
þ2h2ð1þhÞ t
6
180
þh3 x
2t10
12960
þh3x
3t7
252
þh3x
2t4
12
;
..
.
ð43Þ
Hence, the HATM solution (for h ¼ 1) is given by
uðx; tÞ ¼ xt; ð44Þ
which is the same solution as obtained by VIM [4] and HPTM
[5].
Example 3.4. Consider the following nonlinear Klein–Gordon
equation
uttðx; tÞ  uxxðx; tÞ þ u2ðx; tÞ ¼ 2x2  2t2 þ x4t4; ð45Þ
with the initial conditionsuðx; 0Þ ¼ 0; utðx; 0Þ ¼ 0: ð46Þ
Applying the Laplace transform on both sides of Eq. (45) sub-
ject to the initial conditions (46), we have
L½uðx; tÞ  2x
2
s3
þ 4
s5
 24x
4
s7
 1
s2
L½uxxðx; tÞ  u2ðx; tÞ
¼ 0: ð47Þ
The nonlinear operator is
N½/ðx; t; qÞ ¼ L½/ðx; t; qÞ  2x
2
s3
þ 4
s5
 24x
4
s7
 1
s2
L
@2
@x2
/ðx; t; qÞ  /2ðx; t; qÞ
 
ð48Þ
and thus
Rmð~um1Þ ¼ L½um1  ð1 vmÞ
2x2
s3
 4
s5
þ 24x
4
s7
 
 1
s2
L
@2um1
@x2

Xm1
r¼0
urum1r
 !" #
: ð49Þ
The mth-order deformation equation is given by
L½umðx; tÞ  vmum1ðx; tÞ ¼ hRmð~um1Þ: ð50Þ
Applying the inverse Laplace transform, we have
umðx; tÞ ¼ vmum1ðx; tÞ þ hL1½Rmð~um1Þ: ð51Þ
In a similar manner as above, the HATM solution (for
h ¼ 1) is given by
uðx; tÞ ¼ x2t2; ð52Þ
which is the same solution as obtained by VIM [4] and HPTM
[5].
Example 3.5. Consider the following nonlinear Klein–Gordon
equation
uttðx; tÞ  uxxðx; tÞ þ u2ðx; tÞ ¼ 6xtðx2  t2Þ þ x6t6; ð53Þ
with the initial conditions
uðx; 0Þ ¼ 0; utðx; 0Þ ¼ 0: ð54Þ
Applying the Laplace transform on both sides of Eq. (53) sub-
ject to the initial conditions (54), we have
L½uðx; tÞ  6x
3
s4
þ 36x
s6
 x6 8!
s11
 1
s2
L½uxxðx; tÞ  u2ðx; tÞ
¼ 0: ð55Þ
The nonlinear operator is
N½/ðx; t; qÞ ¼ L½/ðx; t; qÞ  6x
3
s4
þ 36x
s6
 x6 8!
s11
 1
s2
L
@2
@x2
/ðx; t; qÞ  /2ðx; t; qÞ
 
ð56Þ
and thus
Rmð~um1Þ ¼ L½um1  ð1 vmÞ
6x3
s4
 36x
s6
þ x6 8!
s11
 
 1
s2
L
@2um1
@x2

Xm1
r¼0
urum1r
 !" #
: ð57Þ
The mth-order deformation equation is given by
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Applying the inverse Laplace transform, we have
umðx; tÞ ¼ vmum1ðx; tÞ þ hL1½Rmð~um1Þ: ð59Þ
Proceeding as before, the HATM solution (for h ¼ 1) is gi-
ven by
uðx; tÞ ¼ x3t3; ð60Þ
which is the same solution as obtained by VIM [4] and HPTM
[5].4. Concluding remarks
In this paper, the homotopy analysis transform method
(HATM) has been successfully applied to ﬁnd the solutions
of the linear and nonlinear Klein–Gordon equations with ini-
tial conditions. The solutions obtained with the help of HATM
are more general as compared to VIM, ADM and HPTM
solutions. We can easily recover all results of VIM, ADM
and HPTM by assuming h ¼ 1. The method is reliable and
easy to use. The results show that the HATM is powerful
and efﬁcient technique to ﬁnding exact and approximate solu-
tions for nonlinear differential equations arising in science and
engineering. It is worth to mentioning that the method is capa-
ble of reducing the volume of the computational work as com-
pared to the classical methods while still maintaining the high
accuracy of the numerical result; the size reduction amounts to
an improvement of the performance of the approach. In con-
clusion, the HATM may be considered as a nice reﬁnement
in existing numerical techniques and might ﬁnd the wide appli-
cations in science and engineering.References
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